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Recap

One way to get an upper bound on EL(f̂n) − L(fF) for ERM f̂n over F is
via uniform deviations:

Emax
f∈F

[L(f) − L̂(f)] .

(more mathematical name: expected maximum of empirical process)

At this point, there is not algorithm f̂n in the picture. Purely a question
about F (and, perhaps, P). If expected maximum is small (as a function of
n), we can conclude that F is “learnable” by ERM.
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Recap

To shorten the notation, we introduced z = (x,y), g = ` ○ f, G = ` ○ F .

Then we write

Emax
g∈G

[Eg(Z) − 1

n

n

∑
i=1
g(Zi)] .

Perhaps we can make things even more transparent by writing

Emax
g∈G

Ug

where Ug ≜ Eg(Z) − 1
n ∑

n
i=1 g(Zi) is a zero-mean random variable indexed

by g (with typical fluctuations O(1/
√
n) due to CLT).

Key point: the larger G is, the more likely it is that one of Ug takes on a
higher value (as in multiple hypothesis testing). In particular, if G is “too
large,” we cannot control the maximum any longer. This is the reason we
split the learning problem analysis into estimation-approximation tradeoff,
so that we can control statistical fluctuations on a smaller set.
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Recap

Again, if G = {g0}, then expected supremum is zero. If G contains two
“different enough” functions, it is Θ(1/

√
n). How about for countable G?

Uncountable G? How about correlations of functions in G? Perhaps not all
variables Ug are uncorrelated?

What is the right measure of complexity of G?
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Complexity

We start by looking at a simpler problem and then relate to above.

Question: given a set G ⊆ [−1, 1]n, what is its “complexity”? Of course, this
is an ill-posed question, but let’s brainstorm anyway.

Attempt 1: complexity = count elements of G. Not good for uncountable G.

Attempt 2: complexity = volume of G if uncountable. Bad: if G is thin in
one dimension, volume goes to zero.

Attempt 3: complexity = average size of projection onto a random
Gaussian vector
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For a random vector ν (say, uniform on unit sphere Sn−1), measure

max
g∈G

⟨ν,g⟩

The expected maximum measures an average “width” of G over all
directions:

Emax
g∈G

⟨ν,g⟩

If ν is a multivariate normal, this quantity is called “Gaussian width.”

If ν is a vector of independent {±1}’s (prob 1/2 each), this quantity is
called “Rademacher averages.”
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We will focus on Rademacher averages as a measure of complexity. Let
ε = (ε1, . . . ,εn) be sequence of i.i.d. Rademacher random variables
(unbiased coin flips with values ±1).

R̂n(G) =
1

n
Eε1∶n max

g∈G
⟨ε,g⟩ = Eε1∶n max

g∈G

1

n

n

∑
i=1
εigi.

Verify:

R̂n({g0}) = 0

and
R̂n({−1, 1}n) = 1

How about

R̂n({−1, 1})

where 1 is a vector of 1’s?
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If G is finite,

R̂n(G) ≤ c

√
log ∣G∣

n

for some constant c.

This bound can be lose, as it does not take into account
“overlaps”/correlations between vectors.
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A few properties of Rademacher averages:

▸ Convex hull property:

R̂n(G) = R̂n(conv(G))

where conv(G) is convex hull of G.

▸ Scaling property: for a constant c,

R̂n(c ⋅G) = ∣c∣R̂n(G)

▸ Subset Property:

G ⊆ F ⇒ R̂n(G) ≤ R̂n(F)

▸ Contraction: if φ ∶ R→ R is L-Lipschitz then

R̂n(φ(G)) ≤ LR̂n(G)

where φ(G) = {(φ(g1), . . . ,φ(gn) ∶ g ∈ G}, φ acting coordinate-wise.
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Let Bnp be a unit ball in Rp:

Bnp = {x ∈ Rn ∶ ∥x∥p ≤ 1}

where

∥x∥p = (
n

∑
i=1

∣xi∣
p
)

1/p
.

Then

nR̂n(B
n
2 ) = E max

∥g∥2≤1
⟨ε,g⟩ = E ∥ε∥2 = E (∥ε∥

2
2)

1/2
≤ (E ∥ε∥

2
2)

1/2
=
√
n

Hence,

R̂n(B
n
2 ) ≤

1
√
n

.

Show that

R̂n(B
n
1 ) =

1

n
.

Clearly, log ∣G∣ gives a loose bound here, as random variables
{ 1
n
⟨ε, ej⟩ ∶ j = 1, . . . ,n} produce values close to 0.
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Homework: for p ∈ [1,∞], find upper bound on

R̂n(B
n
p).
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Symmetrization

What do these Rademacher averages have to do with our problem of
bounding uniform deviations?

Let
G∣z1∶n = {(g(z1), . . . ,g(zn)) ∶ g ∈ G} ⊂ Rn

g1
<latexit sha1_base64="upU6x31J8AFJsV7QHUFUq5QBYAA="></latexit><latexit sha1_base64="sXoBpG6JmbUzgx55nt8lBNfWW3Y="></latexit><latexit sha1_base64="sXoBpG6JmbUzgx55nt8lBNfWW3Y="></latexit><latexit sha1_base64="IKa0cr9W32dKAhXNEcFAYkW1opU="></latexit>

g2
<latexit sha1_base64="647aWPtTo779AnQGQnYNZ516kjI="></latexit><latexit sha1_base64="mQ1KtLtT5frIg5JmOrnmriowHDo="></latexit><latexit sha1_base64="mQ1KtLtT5frIg5JmOrnmriowHDo="></latexit><latexit sha1_base64="z+p23dkdGhVa20Q1jNHE5rneJ2s="></latexit>

z1
<latexit sha1_base64="V7g08aoOjvxavyziU7UXAQe9o4U="></latexit><latexit sha1_base64="xAosoZfITzQxTFF+VKA4fyGVA3w="></latexit><latexit sha1_base64="xAosoZfITzQxTFF+VKA4fyGVA3w="></latexit><latexit sha1_base64="yCmzR+UYSiB70+ceKvNWi19m/ko="></latexit>

z2
<latexit sha1_base64="TZvAKWPUDTKESOwa2HzSiORibKQ="></latexit><latexit sha1_base64="81/ItuAdF3EDwYZiH30cbjCQeeo="></latexit><latexit sha1_base64="81/ItuAdF3EDwYZiH30cbjCQeeo="></latexit><latexit sha1_base64="g8QBduw5zRf6C5jqumitT8HWfDk="></latexit>

zn
<latexit sha1_base64="4ZFc4Osjg/3AMiZMY0aOID5dIWQ="></latexit><latexit sha1_base64="ApJtwQVj/qeEN9CA1NtMsNSc5HI="></latexit><latexit sha1_base64="ApJtwQVj/qeEN9CA1NtMsNSc5HI="></latexit><latexit sha1_base64="kRKiSD+HgKged5aOJIkSLIO3sLs="></latexit>
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Symmetrization Lemma

Lemma:

Emax
g∈G

[Eg(Z) − 1

n

n

∑
i=1
g(Zi)] ≤ 2ER̂n(G∣Z1∶n)

In fact, this is also a lower bound.

Message: to understand uniform deviations, enough to understand richness
of sets G∣Z1∶n .
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Equivalent way of writing Rademacher averages on previous slide is to
directly write

2ER̂n(G∣Z1∶n) = 2Emax
g∈G

1

n

n

∑
i=1
εig(Zi)

where the expectation is both over Z1∶n and ε1∶n.

(make sure this simple rewriting is clear to you)
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Symmetrization

Looks like we shifted the difficulty from uniform deviations to the difficulty
of estimating Rademacher averages.

The key gain in this step is that we can reason conditionally on Z1, . . . ,Zn.
This is a crucial point that makes the analysis simple in many cases.
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To illustrate the last point, consider G = {z↦ I{z ≥ θ} ∶ θ ∈ R}, a class of
thresholds on R. This class is uncountable.

Question: is

Emax
θ∈R

[EI{Z ≥ θ} −
1

n

n

∑
i=1

I{Zi ≥ θ}]

small? Not at all clear how to do this directly!

However, consider the Rademacher averages, conditionally on Z1, . . . ,Zn:

R̂n(G∣Z1∶n) = Eεmax
θ∈R

[
1

n

n

∑
i=1
εiI{Zi ≥ θ}]

How many distinct vectors are in R̂n(G∣Z1∶n)? Answer: n + 1. Hence,

R̂n(G∣Z1∶n) ≤ c

√
log(n + 1)

n
.

That was super easy! A more careful analysis removes log(n + 1). This is a
version of Kolmogorov’s result on uniform closeness of CDF and empirical
CDF (a quantified version of Glivenko-Cantelli Theorem).
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Binary case

Suppose G is a class of {−1, 1}-valued functions. Then
G = G∣Z1,...,Zn ⊆ {−1,+1}n, a subset of n-dimensional hypercube.

Vapnik-Chervonenkis theory says that cardinality of G is at most O(nd)

whenever n > vc-dim(G).

On the other hand, if vc-dim(G) = ∞, then for any n there exist Z1, . . . ,Zn
such that ∣G∣ = 2n and, hence, upper bound via uniform deviations is
vacuous.

However, we might not care about existence of these Z1, . . . ,Zn if
distribution P is ‘nice’.
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... wait, where is the loss function

So far, we dealt with abstract functions g ∈ G. But in the learning problem,
we take g = ` ○ f for a fixed loss function and f ∈ F .

Using contraction property of Rademacher averages, it is easy to remove
any L-Lipschitz loss and claim that R̂n(` ○ F) are at most L ⋅ R̂n(F). For
zero-one loss (which is not Lipschitz), we can do an easy direct computation
(homework).
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Conclusion: to analyze performance of ERM, we can shift focus to uniform
deviations, and then to Rademacher averages. There are a variety of
techniques for upper bounding Rademacher averages (covering numbers,
chaining, scale-sensitive dimensions / VC dimension). We will do some of
these calculations when studying neural nets.
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Proof of Symmetrization (only for those interested)

Let S = {Z1, . . . ,Zn} and S ′
= {Z ′1, . . . ,Z ′n} (another n i.i.d. datapoints).

ES max
g∈G

[EZg(Z) −
1

n

n

∑
i=1
g(Zi)] = ES max

g∈G
[ES ′ {

1

n

n

∑
i=1
g(Z

′
i)} −

1

n

n

∑
i=1
g(Zi)]

≤ ES ,S ′ max
g∈G

[
1

n

n

∑
i=1

{g(Z
′
i) − g(Zi)}]

For any sequence of signs ε1, . . . ,εn, distribution of 1
n ∑

n
i=1 {g(Z

′
i) − g(Zi)}

is the same as distribution of 1
n ∑

n
i=1 εi {g(Z

′
i) − g(Zi)}. Hence, last

expression is equal to

ES ,S ′,εmax
g∈G

[
1

n

n

∑
i=1
εi {g(Z

′
i) − g(Zi)}]

Using supA + B ≤ supA + supB and symmetry of random signs εi, we get
upper bound of

2ES ,εmax
g∈G

[
1

n

n

∑
i=1
εig(Zi)] = 2ES R̂n(G∣Z1∶n)
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NB: We’ve been writing uniform deviations and Rademacher averages with
a “max” but it should really be “sup”.
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