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Abstract 

 
While deep learning is successful in a number of applications, it is not yet well understood theoretically.  A 
theoretical characterization of deep learning should answer questions about their approximation power, the 
dynamics of optimization by gradient descent and good out-of-sample performance --- why the expected 
error does not suffer, despite the absence of explicit regularization, when the networks are 
overparametrized. We review our recent results towards this goal. In {\it approximation theory} both shallow 
and deep networks are known to approximate any continuous functions on a bounded domain at a cost 
which is exponential (the number of parameters is exponential in the dimensionality of the function). 
However, we proved that for certain types of compositional functions, deep networks of the convolutional 
type (even without weight sharing) can have a linear dependence on dimensionality, unlike shallow 
networks. In characterizing {\it minimization} of the empirical exponential loss we consider the gradient 
descent dynamics of the weight directions rather than the weights themselves, since the relevant function 
underlying classification corresponds to the normalized network. The dynamics of the normalized weights 
implied by standard gradient descent turns out to be equivalent to the dynamics of the constrained problem 
of minimizing an exponential-type loss subject to a unit $L_2$ norm constraint. In particular, the dynamics 
of the typical, unconstrained gradient descent converges to the same critical points of the constrained 
problem. Thus, there is {\it implicit regularization} in training deep networks under exponential-type loss 
functions with gradient descent. The critical points of the flow are hyperbolic minima (for any long but finite 
time) and minimum norm minimizers (e.g. maxima of the margin). Though appropriately normalized 
networks can show a small generalization gap (difference between empirical and expected loss) even for 
finite $N$ (number of training examples) wrt the exponential loss, they do not generalize in terms of the 
classification error. Bounds on it for finite $N$ remain an open problem. Nevertheless, our results, together 
with other recent papers, characterize an implicit vanishing regularization by gradient descent which is 
likely to be a key prerequisite -- in terms of complexity control -- for the good performance of deep 
overparametrized ReLU classifiers. 



DRAFT

Theoretical Issues in Deep Networks
Tomaso Poggioa,1, Andrzej Banburskia, and Qianli Liaoa

aCenter for Brains, Minds and Machines, MIT

This manuscript was compiled on November 24, 2019

While deep learning is successful in a number of applications, it is
not yet well understood theoretically. A theoretical characterization
of deep learning should answer questions about their approximation
power, the dynamics of optimization by gradient descent and good
out-of-sample performance — why the expected error does not suf-
fer, despite the absence of explicit regularization, when the networks
are overparametrized. We review our recent results towards this goal.
In approximation theory both shallow and deep networks are known
to approximate any continuous functions on a bounded domain at a
cost which is exponential (the number of parameters is exponential
in the dimensionality of the function). However, we proved that for a
certain types of compositional functions, deep networks of the con-
volutional type (even without weight sharing) can have a linear de-
pendence on dimensionality, unlike shallow networks. In character-
izing minimization of the empirical exponential loss we consider the
gradient descent dynamics of the weight directions rather than the
weights themselves, since the relevant function underlying classifi-
cation corresponds to the normalized network. The dynamics of the
normalized weights implied by standard gradient descent turns out
to be equivalent to the dynamics of the constrained problem of mini-
mizing an exponential-type loss subject to a unit L2 norm constraint.
In particular, the dynamics of the typical, unconstrained gradient de-
scent converges to the same critical points of the constrained prob-
lem. Thus there is implicit regularization in training deep networks
under exponential-type loss functions with gradient descent. The
critical points of the flow are hyperbolic minima (for any long but fi-
nite time) and minimum norm minimizers (e.g. maxima of the margin).
Though appropriately normalized networks can show a small gener-
alization gap (difference between empirical and expected loss) even
for finite N (number of training examples) wrt the exponential loss,
they do not generalize in terms of the classification error. Bounds
on it for finite N remain an open problem. Nevertheless, our results,
together with other recent papers (1–4), characterize an implicit van-
ishing regularization by gradient descent which is likely to be a key
prerequisite – in terms of complexity control – for the good perfor-
mance of deep overparametrized ReLU classifiers.
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1. Introduction1

A satisfactory theoretical characterization of deep learning2

should begin by addressing several questions that are3

natural in the area of machine learning techniques based on4

empirical risk minimization (see for instance (5), (6). They in-5

clude issues such as the approximation power of deep networks,6

the dynamics of the empirical risk minimization by gradient7

descent and the generalization properties of gradient descent8

techniques — why the expected error does not suffer, despite9

the absence of explicit regularization, when the networks are10

overparametrized? In this paper we review briefly our work11

on approximation and describe recent results in characterizing12

complexity control in training deep networks. The paper is13

organize in two separate parts. The first, about approximation 14

power of deep versus shallow architecture, is a review of recent 15

papers. The second, about optimization and generalization, 16

describes some of our recent results(4) mostly characterizing 17

empirical risk optimization and in particular properties of 18

the dynamical system induced by gradient descent. One of 19

these results, about the equivalence of constrained and uncon- 20

strained optimization, implies a classical form of complexity 21

control at any finite times by gradient descent with respect to 22

the exponential loss. We begin by summarizing a number of 23

useful definitions and properties. 24

A. Deep networks: definitions and properties. We define a 25

deep network with K layers with the usual coordinate-wise 26

scalar activation functions σ(z) : R → R as the set of 27

functions f(W ;x) = σ(WKσ(WK−1 · · ·σ(W 1x))), where the 28

input is x ∈ Rd, the weights are given by the matrices W k, 29

one per layer, with matching dimensions. We sometime use 30

the symbol W as a shorthand for the set of W k matrices 31

k = 1, · · · ,K. For simplicity we consider here the case of 32

binary classification in which f takes scalar values, implying 33

that the last layer matrix WK is WK ∈ R1,Kl . The labels are 34

yn ∈ {−1, 1}. The weights of hidden layer l are collected in a 35

matrix of size hl × hl−1. There are no biases apart form the 36

input layer where the bias is instantiated by one of the input 37

dimensions being a constant. The activation function in this 38
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section is the ReLU activation.39

For ReLU activations the following important positive one-40

homogeneity property holds σ(z) = ∂σ(z)
∂z

z. A consequence41

of one-homogeneity is a structural lemma (Lemma 2.1 of (7))42 ∑
i,j
W i,j
k

(
∂f(x)
∂W

i,j
k

)
= f(x) where Wk is here the vectorized43

representation of the weight matrices Wk for layer k.44

For the network, homogeneity of the ReLU implies45

f(W ;x) =
∏K

k=1 ρkf(V1, · · · , VK ;xn), where Wk = ρkVk46

with the matrix norm ||Vk||p = 1. Another property of the47

Rademacher complexity of ReLU networks that follows from48

homogeneity is RN (F) = ρRN (F̃) where ρ =
∏K

k=1 ρk, F is the49

class of neural networks described above.50

We define f = ρf̃ ; F̃ is the associated class of normalized51

neural networks (we call f(V ;x) = f̃(x) with the understand-52

ing that f(x) = f(W ;x)). Note that ∂f
∂ρk

= ρ
ρk
f̃ and that the53

definitions of ρk, Vk and f̃ all depend on the choice of the54

norm used in normalization.55

We will assume that for some t > T0 gradient descent56

realizes a f that separates the data that is f(xn)yn > 0 ∀n =57

1, · · · , N . Under this assumption, we will sometime write58

f(xn) > 0 as a shorthand for ynf(xn) > 0.59

2. Approximation60

We start with the first set of questions, summarizing results in61

(8–10), and (11, 12). The main result is that deep networks62

have the theoretical guarantee, which shallow networks do not63

have, that they can avoid the curse of dimensionality for an64

important class of problems, corresponding to a certain type65

of compositional functions, that is functions of functions. An66

especially interesting subset of compositional functions are the67

ones that can be written as hierarchically local compositional68

functions where all the constituent functions are local in the69

sense of bounded small dimensionality. The deep networks that70

can approximate them without the curse of dimensionality are71

of the deep convolutional type – though, importantly, weight72

sharing is not necessary.73

Implications of results likely to be relevant in practice are:74

a) Deep convolutional architectures have the theoretical75

guarantee that they can be much better than one layer archi-76

tectures such as kernel machines for certain classes of problems;77

b) the problems for which certain deep networks are guaran-78

teed to avoid the curse of dimensionality (see for a nice review79

(13)) correspond to input-output mappings that are compo-80

sitional with local constituent functions; c) the key aspect of81

convolutional networks that can give them an exponential82

advantage is not weight sharing but locality at each level of83

the hierarchy.84

A. Related Work. Several papers in the ’80s focused on the ap-85

proximation power and learning properties of one-hidden layer86

networks (called shallow networks here). Very little appeared87

on multilayer networks, (but see (14–18)). By now, several88

papers (19–21) are available. We review (11, 22–25) which89

derive upper bounds for the approximation by deep networks90

of certain important classes of functions which avoid the curse91

of dimensionality. The upper bound for the approximation by92

shallow networks of general functions was well known to be93

exponential. It seems natural to assume that, since there is no94

general way for shallow networks to exploit a compositional95

prior, lower bounds for the approximation by shallow networks96

x1   x2   x3   x4 x5   x6   x7   x8

a b

….
∑

x1   x2   x3   x4 x5   x6   x7   x8

….
….

….
...... ... ...

∑

x1   x2   x3   x4 x5   x6   x7   x8

x1   x2   x3   x4 x5   x6   x7   x8

Fig. 1. The top graphs are associated to functions; each of the bottom diagrams
depicts the ideal network approximating the function above. In a) a shallow uni-
versal network in 8 variables and N units approximates a generic function of 8
variables f(x1, · · · , x8). Inset b) shows a hierarchical network at the bottom in
n = 8 variables, which approximates well functions of the form f(x1, · · · , x8) =
h3(h21(h11(x1, x2), h12(x3, x4)), h22(h13(x5, x6), h14(x7, x8))) as repre-
sented by the binary graph above. In the approximating network each of the n− 1
nodes in the graph of the function corresponds to a set ofQ = N

n−1 ReLU units com-

puting the ridge function
∑Q

i=1
ai(〈vi,x〉+ ti)+, with vi,x ∈ R2, ai, ti ∈ R.

Each term in the ridge function corresponds to a unit in the node (this is somewhat
different from today’s deep networks, but equivalent to them (28)). Similar to the
shallow network, a hierarchical network is universal, that is, it can approximate any
continuous function; the text proves that it can approximate a compositional functions
exponentially better than a shallow network. Redrawn from (12).

of compositional functions should also be exponential. In fact, 97

examples of specific functions that cannot be represented effi- 98

ciently by shallow networks have been given by Telgarsky (26) 99

(see also (27, 28) and, earlier (17)). An interesting review of 100

approximation of univariate functions by deep ReLU networks 101

has recently appeared (29). 102

B. Degree of approximation. The general paradigm is as fol- 103

lows. We are interested in determining how complex a network 104

ought to be to theoretically guarantee approximation of an 105

unknown target function f up to a given accuracy ε > 0. To 106

measure the accuracy, we need a norm ‖ · ‖ on some normed 107

linear space X. As we will see the norm used in the results 108

of this paper is the sup norm in keeping with the standard 109

choice in approximation theory. Notice, however, that from 110

the point of view of machine learning, the relevant norm is 111

the L2 norm. In this sense, several of our results are stronger 112

than needed. Yet our main results on compositionality require 113

the sup norm in order to be independent from the unknown 114

distribution of the input data. This is important for machine 115

learning. 116

Let VN be the be set of all networks of a given kind with 117

N units (which we take to be or measure of the complexity 118

of the approximation network). The degree of approximation 119

is defined by dist(f, VN ) = infP∈VN ‖f − P‖. For example, if 120

dist(f, VN ) = O(N−γ) for some γ > 0, then a network with 121

complexity N = O(ε−
1
γ ) will be sufficient to guarantee an 122

approximation with accuracy at least ε. The only a priori in- 123

formation on the class of target functions f , is codified by the 124
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statement that f ∈ W for some subspace W ⊆ X. This sub-125

space is a smoothness and compositional class, characterized126

by the parameters m and d (d = 2 in the example of Figure127

1 ; d corresponds to the size of the kernel in a convolutional128

network).129

C. Shallow and deep networks. This section characterizes con-130

ditions under which deep networks are “better” than shallow131

network in approximating functions, as shown in Figure 1.132

Both types of networks use the same small set of operations –133

dot products, linear combinations, a fixed nonlinear function134

of one variable, possibly convolution and pooling. Each node135

in the networks corresponds to a node in the graph of the136

function to be approximated, as shown in the Figure. A unit is137

a neuron which computes (〈x,w〉+ b)+, where w is the vector138

of weights on the vector input x. Both w and the real number139

b are parameters tuned by learning. We assume here that each140

node in the networks computes the linear combination of r141

such units
∑r

i=1 ci(〈x,wi〉+ bi)+. Notice that in our main ex-142

ample of a network corresponding to a function with a binary143

tree graph, the resulting architecture is an idealized version of144

deep convolutional neural networks described in the literature.145

In particular, it has only one output at the top unlike most of146

the deep architectures with many channels and many top-level147

outputs. Correspondingly, each node computes a single value148

instead of multiple channels, using the combination of several149

units. However our results hold also for these more complex150

networks (see (28)).151

The sequence of results is as follows.152

• Both shallow (a) and deep (b) networks are universal, that153

is they can approximate arbitrarily well any continuous154

function of n variables on a compact domain. The result155

for shallow networks is classical.156

• We consider a special class of functions of n157

variables on a compact domain that are hier-158

archical compositions of local functions, such as159

f(x1, · · · , x8) = h3(h21(h11(x1, x2), h12(x3, x4)),160

h22(h13(x5, x6), h14(x7, x8)))161

The structure of the function in Figure 1 b) is represented162

by a graph of the binary tree type, reflecting dimensional-163

ity d = 2 for the constituent functions h. In general, d is164

arbitrary but fixed and independent of the dimensionality165

n of the compositional function f . (28) formalizes the166

more general compositional case using directed acyclic167

graphs.168

• The approximation of functions with a compositional169

structure – can be achieved with the same degree of ac-170

curacy by deep and shallow networks but the number of171

parameters are much smaller for the deep networks than172

for the shallow network with equivalent approximation173

accuracy.174

We approximate functions with networks in which the acti-175

vation nonlinearity is a smoothed version of the so called176

ReLU, originally called ramp by Breiman and given by177

σ(x) = x+ = max(0, x) . The architecture of the deep net-178

works reflects the function graph with each node hi being a179

ridge function, comprising one or more neurons.180

Let In = [−1, 1]n, X = C(In) be the space of all continuous
functions on In, with ‖f‖ = maxx∈In |f(x)|. Let SN,n denote

the class of all shallow networks with N units of the form

x 7→
N∑
k=1

akσ(〈wk, x〉+ bk),

where wk ∈ Rn, bk, ak ∈ R. The number of trainable pa- 181

rameters here is (n + 2)N ∼ n. Let m ≥ 1 be an integer, 182

and Wn
m be the set of all functions of n variables with con- 183

tinuous partial derivatives of orders up to m <∞ such that 184

‖f‖+
∑

1≤|k|1≤m
‖Dkf‖ ≤ 1, where Dk denotes the partial 185

derivative indicated by the multi-integer k ≥ 1, and |k|1 is the 186

sum of the components of k. 187

For the hierarchical binary tree network, the analogous 188

spaces are defined by considering the compact set Wn,2
m to 189

be the class of all compositional functions f of n variables 190

with a binary tree architecture and constituent functions h 191

in W 2
m. We define the corresponding class of deep networks 192

DN,2 to be the set of all deep networks with a binary tree 193

architecture, where each of the constituent nodes is in SM,2, 194

where N = |V |M , V being the set of non–leaf vertices of the 195

tree. We note that in the case when n is an integer power of 196

2, the total number of parameters involved in a deep network 197

in DN,2 is 4N . 198

The first theorem is about shallow networks. 199

Theorem 1 Let σ : R → R be infinitely differentiable, and 200

not a polynomial. For f ∈ Wn
m the complexity of shallow 201

networks that provide accuracy at least ε is 202

N = O(ε−n/m) and is the best possible. [1] 203

The estimate of Theorem 1 is the best possible if the only a 204

priori information we are allowed to assume is that the target 205

function belongs to f ∈Wn
m. The exponential dependence on 206

the dimension n of the number e−n/m of parameters needed to 207

obtain an accuracy O(ε) is known as the curse of dimension- 208

ality. Note that the constants involved in O in the theorems 209

will depend upon the norms of the derivatives of f as well as 210

σ. 211

Our second and main theorem is about deep networks with 212

smooth activations (preliminary versions appeared in (9–11)). 213

We formulate it in the binary tree case for simplicity but 214

it extends immediately to functions that are compositions 215

of constituent functions of a fixed number of variables d (in 216

convolutional networks d corresponds to the size of the kernel). 217

Theorem 2 For f ∈ Wn,2
m consider a deep network with 218

the same compositional architecture and with an activation 219

function σ : R → R which is infinitely differentiable, and 220

not a polynomial. The complexity of the network to provide 221

approximation with accuracy at least ε is 222

N = O((n− 1)ε−2/m). [2] 223

The proof is in (28). The assumptions on σ in the theorems 224

are not satisfied by the ReLU function x 7→ x+, but they are 225

satisfied by smoothing the function in an arbitrarily small 226

interval around the origin. The result of the theorem can be 227

extended to non-smooth ReLU(28). 228

In summary, when the only a priori assumption on the 229

target function is about the number of derivatives, then to 230

guarantee an accuracy of ε, we need a shallow network with 231

O(ε−n/m) trainable parameters. If we assume a hierarchical 232

structure on the target function as in Theorem 2, then the 233
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corresponding deep network yields a guaranteed accuracy of234

ε with O(ε−2/m) trainable parameters. Note that Theorem 2235

applies to all f with a compositional architecture given by236

a graph which correspond to, or is a subgraph of, the graph237

associated with the deep network – in this case the graph238

corresponding to Wn,d
m .239

3. Optimization and complexity control240

It has been known for a long time that the key to predictivity in241

machine learning is controlling the complexity of the network242

and not simply the raw number of its parameters. This is243

usually done during optimization by imposing a constraint,244

often under the form of a regularization penalty, on the norm245

of the weights, since relevant complexity measures, such the246

Rademacher complexity, depend on it. The problem is that247

there is no obvious control of complexity in the training of248

deep networks!249

Recent results by (1) illuminate the apparent absence of250

”overfitting” (see Figure 3) in the special case of linear networks251

for binary classification. They prove that minimization of loss252

functions such as the logistic, the cross-entropy and the expo-253

nential loss yields asymptotic convergence to the maximum254

margin solution for linearly separable datasets, independently255

of the initial conditions and without explicit regularization.256

Here we discuss the case of nonlinear multilayer DNNs un-257

der exponential-type losses, for several variations of the basic258

gradient descent algorithm. Our main results are about the259

dynamics of the normalized network f̃ under gradient flow,260

its convergence to a maximum margin solution and its gen-261

eralization properties. We first outline related work. We262

then describe our main result that consists of several steps,263

summarized in Theorem 3.264

A. Related work. A number of papers have studied gradient265

descent for deep networks (30–32). Close to the approach266

summarized here (details are in (4)) is the paper (33). Its267

authors study generalization assuming a regularizer because268

they are – like us – interested in normalized margin. Unlike269

their assumption of an explicit regularization, we show here270

that commonly used techniques, such as weight and batch271

normalization, in fact minimize the surrogate loss margin while272

controlling the complexity of the classifier without the need273

to add a regularizer or to use weight decay. Surprisingly, we274

will show that even standard gradient descent on the weights275

implicitly controls the complexity through an “implicit” unit276

L2 norm constraint. Two very recent papers ((3) and (2))277

develop an elegant margin maximization based approach which278

lead to some of the same results of this section (and many279

more). Our approach does not need the notion of maximum280

margin but our theorem on margin establishes a connection281

with it and thus with the results of (3) and (2). Our main282

goal here (and in (4)) is to achieve a simple understanding283

of where the complexity control underlying predictivity and284

generalization is hiding in the training of deep networks. We285

define generalization as the convergence of the empirical loss286

of the empirical minimizer to its expected loss for the number287

of data points growing to infinity. Recent results on regression288

mostly for linear or quasi-linear networks (34–36) suggests an289

implicit regularization mechanism somewhat similar to the290

regularizing effect of the gradient descent iterations (37).Its291

limit, however, does not enforce a norm constraint unlike the292

classification case. 293

B. Main results on the dynamics of optimization. The stan- 294

dard approach to training deep networks is to use stochastic 295

gradient descent to find the weights Wk that minimize the 296

empirical exponential loss L =
∑

n
e−ynf(xn) by computing 297

Ẇk = − ∂L

∂Wk
=

N∑
n=1

yn
∂f(W ;xn)
∂Wk

e−ynf(W ;xn) [3] 298

on a given dataset {xi, yi} ∀i = 1, . . . , N with y binary. 299

Since the goal is binary classification, we are interested in f̃ 300

(remember sign f̃ = sign f . We want to study the dynamics 301

of f̃ implied by Equation 3. With this goal we study three 302

related versions of this problem: 303

1. minimization of L =
∑

n
e−ρf̃(xn) under the constraint 304

||Vk|| = 1 wrt Vk for fixed ρ; 305

2. minimization of L =
∑

n
e−ρf̃(xn) under the constraint 306

||Vk|| = 1 wrt Vk and ρ; 307

3. minimization of L =
∑

n
e−ρf̃(xn) =

∑
n
e−f(xn) wrt 308

Vk, ρ, which is equivalent to typical training, Equation 3. 309

B.1. Constrained minimization of the exponential loss. Constrained 310

optimization of the exponential loss minimizes L = 311∑
n
e−ρf̃(xn) under the constraint ||Vk|| = 1 which leads to 312

minimize 313

L =
∑
n

e−ρf̃(xn) +
∑
k

λk||Vk||2 [4] 314

with λk such that the constraint ||Vk| = 1 is satisfied. We 315

note that this would be the natural approach for training 316

deep networks while controlling complexity based on classical 317

generalization bounds (see (4)). 318

B.2. Fixed ρ: hyperbolic minima. Gradient descent on L for fixed 319

ρ wrt Vk yields then the dynamical system 320

V̇k = ρ
∑
n

e−ρf̃(xn)(∂f̃(xn)
∂Vk

− Vkf̃(xn)) [5] 321

because λk = 1
2ρ
∑

n
e−ρf̃(xn)f̃(xn), since V Tk V̇k = 0 because 322

||Vk||2 = 1. 323

Since for fixed ρ the domain is compact, stationary points 324

V̇k = 0 of the constrained optimization problem must exist. 325

Assuming data separation is achieved (that is ynf̃(xn) > 326

0 ∀n), they satisfy 327∑
n

e−ρf̃(xn) ∂f̃(xn)
∂Vk

=
∑
n

e−ρf̃(xn)Vkf̃(xn). [6] 328

The stationary points provided by Equations 6 are in fact 329

hyperbolic minima because the Hessian of L (and Jacobian of 330

V̇k = −F (Vk, ρk) = −∇VkL ) is negative definite at the sta- 331

tionary points. Thus the sufficient conditions for local minima 332

are satisfied. Of course the minimum of the exponential loss L 333

is only zero for the limit ρ =∞; for any finite ρ the minimum 334

of L is at the boundary of the compact domain. For any finite, 335

sufficiently large ρ the minimum is hyperbolic but in general 336

is not unique (it is unique only for linear networks). 337

The Hessian is 338∑
n

[
−ρ2 ∂f̃(xn)

∂Vk

∂f̃(xn)
∂Vk′

T

+ ρ
∂2f̃(xn)
∂Vk∂Vk′

]
e−ρf̃(xn) − 2λ(ρ)I.

[7] 339
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Fig. 2. Empirical evidence of generalization by normalized networks with respect to the cross entropy loss. The left graph shows testing
vs training cross-entropy loss for networks each trained on the same data sets (CIFAR10) but with different initializations, yielding zero
classification error on training set but different testing errors. The right graph shows the same data, that is testing vs training loss for the
same networks, now normalized by dividing each weight by the Frobenius norm of its layer. Notice that all points have zero classification error
at training. The red point on the top right refers to a network trained on the same CIFAR10 data set but with randomized labels. It shows
zero classification error at training and test error at chance level. The top line is a square-loss regression of slope 1 with positive intercept.
The bottom line is the diagonal at which training and test loss are equal. The networks are 3-layer convolutional networks. The left can be
considered as a visualization of generalization bounds when the Rademacher complexity is not controlled. The right hand side is a visualization
of the same relation for normalized networks that is L(ρf̃) ≤ L̂(ρf̃) + c1ρRN (F̃) + c2

√
ln( 1

δ )/2N for ρ = 1. Under our conditions for N and

for the architecture of the network the terms c1RN (F̃) + c2
√

ln( 1
δ )/2N represent a small offset. Notice that the exponential loss is not a better

proxy for the classification loss for ρ > 1. Empirically for these data sets, the exponential loss with ρ = 1 provides a ranking that agrees with
the classification ranking. From (38).

In (4) we consider the quadratic form
∑

k,k′ V
T
k HVk′ , where340

Vk correspond to critical points of the gradient and prove the341

following342

Lemma 1 For sufficiently late times after data separation343

(∀n, f̃(xn) > 0), H is negative definite for any finite ρ such344

that ρ2K2(f̃(xn))2 > K(K−2)ρf̃(xn), where K is the number345

of layers. This only requires ρf̃(xn) > 1. H becomes negative346

semi-definite in the limit ρ =∞.347

B.3. ρ → ∞ has same stationary points as the full dynamical system.348

Consider the limit of ρ→∞ in Equation 6 . The asymptotic349

stationary points of the flow of Vk then satisfy350 ∑
n

e−ρf̃(xn)(∂f̃(xn)
∂Vk

− Vkf̃(xn)) = 0 [8]351

also in the limit limρ→∞, that is for any large ρ. So the352

stationary Vk points for any large ρ = R satisfies353 ∑
n

e−Rf̃(xn)(∂f̃(xn)
∂Vk

− Vkf̃(xn)) = 0. [9]354

Consider now gradient descent for the full system obtained355

with Lagrange multipliers, that is, on L =
∑

n
e−ρf̃(xn) +356 ∑

k
λk||Vk||2 wrt Vk and ρk, with λk chosen (as before) to im-357

plement the unit norm constraint. The full gradient dynamical358

system is359

ρ̇k = ρ

ρk

∑
n

e−ρf̃(xn)f̃(xn) [10]360

361

V̇k = ρ
∑
n

e−ρf̃(xn)(∂f̃(xn)
∂Vk

+ Vkf̃(xn)). [11]362

Observe that after onset of separability ρ̇k > 0 with363

limt→∞ ρ̇k = 0, limt→∞ ρ(t) = ∞ (for one layer ρ ∝ log t364

as shown in a later section). Thus ρ(t) is a monotonically in-365

creasing function from t0 to t =∞. Furthermore, ρk grows at366

a rate which is independently of the layer k. In fact, Equation 367

3 via the relation ˙||Wk|| = ∂||Wk||
∂Wk

∂Wk
∂t

= Wk
||Wk||

Ẇk implies 368

˙||Wk||2 = 2
N∑
n=1

ynf(W ;xn)e−ynf(xn;W ), [12] 369

which shows that the rate of growth of ||Wk||2 is independent 370

of k. This observation (39) is summarized by 371

Lemma 2 During gradient descent, the rate of change of the 372

squares of the Frobenius norms of the weights is the same for 373

each layer, that is ˙||ρk||2 = 2
∑N

n=1 ynρf̃(xn)e−ynρf̃(xn). 374

Because ρ(t) grows monotonically in t for any large R in 375

Equation 9, there exist T such that ρ(T ) = R. At time T 376

then, the condition for a stationary point of Vk in Equation 377

11 coincides with Equation 8. This leads to 378

Lemma 3 The full dynamical system 11 in the limit of t→∞ 379

converges to the same limit to which the dynamical system 380

Equation 5 converges for ρ→∞. 381

B.4. Asymptotic stationary points coincide with maximum margin. 382

Here we show that the limit for the two systems exists, is not 383

trivial and corresponds to maximum margin/minimum norm 384

solutions. First notice that we can write 385

N∑
n

e−Rf̃(xn)(∂f̃(xn)
∂Vk

− Vkf̃(xn)) = 0. [13] 386
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We assume without loss of generality that f̃(xN ) = minnf̃(xn),387

we define Hn = ( ∂f̃(xn)
∂Vk

− Vkf̃(xn)), and write388

e−Rf̃(xN )[HN + e−R∆min
N−1∑
n

Hn] ≥

e−Rf̃(xN )HN +
N−1∑
n

e−Rf̃(xn)Hn =
N∑
n

e−Rf̃(xn)Hn ≥

e−Rf̃(xN )HN ≥ e−Rf̃(xN )[HN + e−R∆max
N−1∑
n

Hn],

[14]389

where ∆n = f̃(xn)− f̃(xN ) with f̃(xN ) = minnf̃(xn) as the390

margin of f̃ and ∆min = minn 6=N ∆n, ∆max = maxn ∆n
∗.391

The left hand side of the stationary point equation has the392

form ε(HN + ε′H) = 0, with H =
∑N−1

n
Hn, ε = e−Rf̃(xN )

393

and ε′ = e−R∆min ; for decreasing ε > 0, there will be an394

ε∗ > 0 for which the equation is satisfied by HN = 0 before it395

is trivially satisfied at the limit ε = 0. Thus the stationarity396

condition for large but finite ρ is ∂f̃(x∗)
∂Vk

− Vkf̃(x∗) = 0, that397

is the condition in which the stationary point xN provides the398

maximum margin. Before that limit is reached, the solution399

Vk changes with increasing ρ. Thus the asymptotic stationary400

points coincide with maximum margin. The following lemma401

(4) shows that the margin is increasing for sufficiently late t:402

Lemma 4 There exists a R such that for ρ > R the sum403 ∑N

n=1 e
−ρf̃(xn) ∝ e−ρf̃(x∗). For ρ > R then the margin in-404

creases ∂f̃
∂t
≥ 0 (even if ρ is kept fixed).405

We finally note that the maximum margin solution in terms of406

f̃ and Vk is equivalent to a minimum norm solution in terms407

of Wk under the condition of the margin being at least 1. This408

is stated in the following lemma (see (4):409

Lemma 5 The maximum (max) margin problem410

max
Wk

min
i=1,...,N

yif(W ;xi), subj. to ‖W‖ = 1. [15]411

is equivalent to412

min
W

1
2‖W‖

2, subj. to yif(W ;xi) ≥ 1, i = 1, . . . , N. [16]413

B.5. Typical gradient descent for deep networks: implicit norm con-414

trol. Empirically it appears that GD and SGD converge to415

solutions that can generalize even without any explicit capac-416

ity control such as a regularization term or a constraint on417

the norm of the weights. How is this possible? The answer418

is provided by the fact – trivial or surprising – that the unit419

vector w(T )
||w(T )||2 computed from the solution w(T ) of gradient420

descent ẇ = −∇wL at time T is the same, irrespectively of421

whether the constraint ||v||2 = 1 is enforced during gradient422

descent. This confirms Srebro results for linear networks and423

throws some light on the nature of the implicit bias or hidden424

complexity control. We show this result next.425

We study the new dynamical system induced by the dynami-426

cal system in Ẇk
i,j under the reparametrizationW i,j

k = ρkV
i,j
k427

with ||Vk||2 = 1. This is equivalent to changing coordinates428

from Wk to Vk and ρk = ||Wk||2. For simplicity of notation429

∗We consider only distinct “support vectors”, aggregating together data points with the same margin,
thus ∆min > 0

we consider here for each weight matrix Vk the corresponding 430

“vectorized” representation in terms of vectors W i,j
k = Wk. 431

We use the following definitions and properties (for a vector 432

w): define w
ρ

= v; thus w = ρv with ||v||2 = 1 and ρ = ||w||2. 433

The following relations are easy to check: 434

1. Define S = I − vvT = I − wwT

||w||22
; ∂v
∂w

= S
ρ
. 435

2. Sw = Sv = 0 and S2 = S 436

3. In the multilayer case ∂f(xn;W )
∂Wk

= ρ
ρk

∂f̃(V ;xn)
∂Vk

437

The unconstrained gradient descent dynamic system used 438

in training deep networks for the exponential loss is given in 439

Equation 3, that is 440

Ẇk = − ∂L

∂Wk
=

N∑
n=1

yn
∂f(W ;xn)
∂Wk

e−ynf(W ;xn). [17] 441

Following the chain rule for the time derivatives, the dynamics 442

for Wk induces the following dynamics for ||Wk|| = ρk and Vk: 443

ρ̇k = ∂||Wk||
∂Wk

∂Wk

∂t
= V Tk Ẇk

V̇k = ∂Vk
∂Wk

∂Wk

∂t
= Sk
ρk
Ẇk

[18] 444

where Sk = I − VkV Tk . We now obtain the time derivatives
of Vk and ρk from the time derivative of Wk; the latter is
computed from the gradients of L with respect to Wk that
is from the gradient dynamics of Wk. Thus unconstrained
gradient descent coincides with the following dynamical system

ρ̇k =
N∑
n=1

V Tk
∂f(xn;W )
∂Wk

e−f(xn;W ) = ρ

ρk

N∑
n=1

e−ρf̃(xn)f̃(xn)

V̇k = ρ

ρ2
k

N∑
n=1

e−ρf̃(xn)(∂f̃(xn)
∂Vk

− Vkf̃(xn)).

where we use the structural lemma to write V Tk ∂f̃(xn)
∂Vk

= f̃(xn). 445

Clearly the dynamics of unconstrained gradient descent and 446

the dynamics of constrained gradient descent are very similar 447

since they differ only by a ρ2 factor in the v̇ equations. The 448

conditions for the stationary points of the gradient for the v 449

vectors – that is the values for which v̇ = 0 – are the same 450

in both cases, since for any t > 0 we have ρ(t) > 0. This is 451

summarized in 452

Lemma 6 Constrained and unconstrained gradient descent 453

have the same minima which are hyperbolic for finite times 454

and asymptotically degenerate. 455

Since there are multiple minima and the trajectories depend 456

on the dynamics, the statement above does not mean that 457

even with the same initial conditions the two dynamics will 458

converge to the same minima among the multiple ones. In 459

(4) we show that the dynamics of the constrained gradient 460

descent Equation 11 is the same as the algorithm called “weight 461

normalization” (40). 462
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B.6. Complexity control in unconstrained gradient descent. Actual463

convergence for the constrained case happens after ( ∂f̃(x∗)
∂Vk

−464

Vkf̃(x∗)) = 0 is valid, which corresponds to a long but finite465

time and thus a large but finite ρ and a small but non-zero λ. In466

conclusion, the solution corresponds to solving a regularization467

problem with a non-zero λ. Beta-stability and asymptotic468

generalization are guaranteed(41), as long as λ implied by the469

stopping time satisfies 1
λN

<< 1 . Since the unconstrained470

case converges to the same solutions it will also generalize.471

There are obvious limitations in this statement: though the472

normalized network f̃ generalizes under the exponential loss,473

bounds on the classification error remain an open problem.474

In fact, the classification error does not show generalization475

for datasets such as CIFAR10 when the number of training476

data is significantly less than the number of parameters: the477

training error is zero while the test error is not (see Figure 3).478

As we will discuss later, deep overparametrized nets may show479

a regime, in which there is simultaneously interpolation of the480

training data and good expected error . For this regime, the481

implicit regularization described here is a prerequisite for a482

full explanation.483

C. Additional results.484

C.1. Dynamics of ρ. In linear 1-layer networks the dynamics of485

gradient descent yield ρ ∼ log t asymptotically. In the K-layer486

case the nonlinearly coupled equations are not easily solved487

analytically. (4) gives an approximation of the form488

Ṙ = f̃(x)
2
KK2 (logR)2− 2

K , [19]489

where R = eρk f̃(x). We can check that for K = 1 we get R ∼ t,490

so ρ ∼ log t. It is also immediately clear that for K > 1 the491

product of weights diverges faster than logarithmically. In492

the case of K = 2 we get R(t) = li−1(f̃(x)K2t + C), where493

li(z) =
∫ z

0 dt/ log t is the logarithmic integral function. For494

larger K we get faster divergence, with the limit K →∞ given495

by R(t) = L−1(α∞t + C), where α∞ = limK→∞ f̃(x) 2
KK2

496

and L(z) = li(z) − z
log z . Interestingly, while the product of497

weights scales faster than logarithmically, the weights at each498

layer diverge slower than in the 1-layer case.499

C.2. Landscape and minima. ReLU networks with exponential-500

type loss functions do not have zeros of the gradient (wrt the501

Wk) that separate the data. The stationary points of the502

gradient of f in the nonlinear multilayer separable case under503

exponential loss are given by
∑N

n=1 yn
∂f(xn;w)
∂W

i,j
k

e−ynf(xn;W ) =504

0. Thus, the only stationary points of the gradient that separate505

the data are for ρ = ∞. If other stationary points were to506

exist for a value W ∗ of the weights, they would be given by507

zero-valued linear combinations with positive coefficients of508
∂f(xn;w)
∂W

i,j
k

. Use of the structural lemma shows that ∂f(x;w)
∂W

i,j
k

=509

0, ∀i, j, k implies f(W ∗;x) = 0. So stationary points of the510

gradient wrt Wk that are data-separating do not exist for511

any finite ρ. The situation is quite different if we consider512

stationary points wrt Vk. Notice that minima arbitrarily close513

to zero loss exist for any finite, large ρ. For ρ → ∞, the514

Hessian becomes arbitrarily close to zero, with all eigenvalues515

close to zero. On the other hand, any point of the loss at a516

finite ρ has a Hessian wrt Wk which is not identically zero.517

Clearly, it would be interesting to characterize better the518

degeneracy of the local minima. For the goals of this section519

however the fact that they cannot be completely degenerate is 520

sufficient. (4) shows that under the exponential loss, the weight 521

Wk for zero loss at infinite ρ are completely degenerate, with 522

all eigenvalues of the Hessian being zero. The other stationary 523

points of the gradient are less degenerate, with at least one 524

nonzero eigenvalue. 525

C.3. Linear networks and rates of convergence. The linear f(x) = 526

ρvTx networks case (1) is an interesting example of our analysis 527

in terms of ρ and v dynamics. We start with unconstrained 528

gradient descent, that is with the dynamical system 529

ρ̇ =
N∑
n=1

e−ρv
T xn

ρ
vTxn v̇ =

N∑
n=1

e−ρv
T xn

ρ
(xn−vvTxn). [20] 530

If gradient descent in v converges to v̇ = 0 at finite time, 531

v satisfies vvTx = x, where x =
∑C

j=1 αjxj with positive 532

coefficients αj and xj are the C support vectors (see (4)). A 533

solution vT = ||x||x† then exists (x†, the pseudoinverse of x, 534

since x is a vector, is given by x† = xT

||x||2 ). On the other hand, 535

the operator T in v(t+ 1) = Tv(t) associated with equation 536

20 is non-expanding, because ||v|| = 1, ∀t. Thus in the linear 537

case there is a unique fixed point v ∝ x which is independent 538

of initial conditions (42). 539

The rates of convergence of the solutions ρ(t) and v(t), 540

derived in different way in (1), may be read out from the 541

equations for ρ and v. It is easy to check that a general 542

solution for ρ is of the form ρ ∝ C log t. A similar estimate 543

for the exponential term gives e−ρvT xn ∝ 1
t
. Assume for 544

simplicity a single support vector x. We claim that a solution 545

for the error ε = v− x, since v converges to x, behaves as 1
log t . 546

In fact we write v = x+ ε and plug it in the equation for v in 547

21. We obtain (assuming normalized input ||x|| = 1) 548

ε̇ = e−ρv
T x

ρ
(x−(x+ε)(x+ε)Tx) ≈ −e

−ρvT x

ρ
(xεT+εxT ), [21] 549

which has the form ε̇ = − 1
t log t (2xε

T ). This indeed has the 550

error converging as ε ∝ 1
log t . 551

A similar analysis for the weight normalization equations 552

considers the same dynamical system with a change in the 553

equation for v, which becomes 554

v̇ ∝ e−ρρ(I − vvT )x. [22] 555

This equation differs by a factor ρ2 from equation 21. As a 556

consequence equation 22 is of the form ε̇ = − log t
t
ε, with a 557

general solution of the form ε ∝ t−
1
2 log t. In summary, GD with 558

weight normalization converges faster to the same equilibrium 559

than standard gradient descent: the rate for ε = v − x is 560

t−
1
2 log(t) vs 1

log t . 561

The linear case shows that different forms of gradient de- 562

scent enforce different paths in increasing ρ that have different 563

effects on convergence rate. It is an interesting theoretical 564

and practical challenge to find the optimal way, in terms of 565

generalization and convergence rate, to grow ρ from 0 to ∞. 566

D. Summary. The following theorem (informal statement) sum- 567

marizes our main results on minimizing the exponential loss 568

in deep ReLU networks. 569
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Fig. 3. Empirical and expected error in CIFAR 10 as a function of number of neurons
in a 5-layer convolutional network. The expected classification error does not increase
when increasing the number of parameters beyond the size of the training set.

Theorem 3 Assume that separability is reached at time570

T0 during gradient descent on the exponential loss, that is571

ynf(xn) > 0, ∀n. Then unconstrained gradient descent con-572

verges in terms of the normalized weights to a solution that is573

under complexity control for any finite time. In addition the574

following properties hold:575

1. Consider the dynamics (A) resulting from using Lagrange576

multipliers on the constrained optimization problem: “min-577

imize L =
∑

n
e−ρf̃(xn) under the constraint ||Vk|| = 1 wrt578

Vk”. The dynamics converges for any fixed ρ to stationary579

points of the Vk flow that are hyperbolic minima.580

2. Consider the dynamics (B) resulting from using Lagrange581

multipliers on the constrained optimization problem: “min-582

imize L =
∑

n
e−ρf̃(xn) under the constraint ||Vk|| = 1583

wrt Vk and ρk”. The stationary points of Vk in (B) in584

the limit of t→∞ coincide with the limit ρ→∞ in the585

dynamics (A) and they are maxima of the margin.586

3. The unconstrained gradient descent dynamics converges587

to the same stationary points of the flow of Vk as (A) and588

(B).589

4. Weight normalization(40) corresponds to dynamics (B).590

5. For each layer ∂ρ2
k

∂t
is the same irrespectively of k.591

6. In the 1-layer network case ρ ≈ log t asymptotically. For592

deeper networks, the product of weights at each layer593

diverges faster than logarithmically, but each individual594

layer diverges slower than in the 1-layer case.595

In summary, there is an implicit regularization in deep net-596

works trained on exponential-type loss functions, originating597

in the gradient descent technique used for optimization. The598

solutions are in fact the same that are obtained by regular-599

ized optimization. Convergence to a specific solution instead600

of another, depends on the trajectory of gradient flow and601

corresponds to one of multiple minima of the loss (linear net-602

works will have a unique minimum), each one being a margin603

maximizer. In general each solution will show a different test604

performance. Characterizing the conditions that lead to the605

best among the margin maximizers is an open problem.606

4. Discussion 607

A main difference between shallow and deep networks is in 608

terms of approximation power or, in equivalent words, of 609

the ability to learn good representations from data based on 610

the compositional structure of certain tasks. Unlike shallow 611

networks, deep local networks – in particular convolutional 612

networks – can avoid the curse of dimensionality in approxi- 613

mating the class of hierarchically local compositional functions. 614

This means that for such class of functions deep local networks 615

represent an appropriate hypothesis class that allows good 616

approximation with a minimum number of parameters. It 617

is not clear, of course, why many problems encountered in 618

practice should match the class of compositional functions. 619

Though we and others have argued that the explanation may 620

be in either the physics or the neuroscience of the brain, these 621

arguments are not rigorous. Our conjecture at present is that 622

compositionality is imposed by the wiring of our cortex and, 623

critically, is reflected in language. Thus compositionality of 624

some of the most common visual tasks may simply reflect the 625

way our brain works. 626

Optimization turns out to be surprisingly easy to perform 627

for overparametrized deep networks because SGD will converge 628

with high probability to global minima in the weights Wk that 629

are typically more degenerate (for the exponential loss) than 630

other local critical points. 631

Gradient descent yields generalization by the normalized 632

network in terms of the exponential loss (but not in terms of 633

classification), despite overparametrization and even in the 634

absence of explicit norm control or regularization, because in 635

the case of exponential-type losses, the directions of the weights 636

converges to one of several stable minima for finite times (and 637

to a minimum norm solution for time going to infinity). This 638

basic complexity control mechanism – regularization – however, 639

does not fully explain the behavior of overparametrized deep 640

networks, which fit the training data and perform well on 641

out-of-sample points. Remember that the classical analysis of 642

Empirical Risk Minimization (ERM) algorithms studies their 643

asymptotic behavior for the number of data n going to infinity. 644

In this limiting regime, n > D where D is the fixed number 645

of weights; consistency (informally the expected error of the 646

empirical minimizer converges to the best in the class) and 647

generalization (the empirical error of the minimizer converges 648

to the expected error of the minimizer) are equivalent. The 649

capacity control described in this note implies that there is 650

asymptotic generalization and consistency in deep networks 651

but, in addition, for certain regimes with n < D there can 652

be good expected error in the absence of generalization, in 653

analogy with regression cases of some kernel methods (35, 43– 654

45) (see also (36)). This suggests that under certain conditions, 655

the pseudoinverse may perform well in terms of expected error 656

while the generalization gap (difference between expected and 657

empirical loss) is large. Our analysis of the dynamics of deep 658

networks, once adapted to the square loss, suggests that under 659

gradient descent, the weightsWk of each layer should converge 660

to minimum norm minimizers, in analogy with the linear 661

case, because of the iterative regularization properties(37) of 662

gradient descent. 663

Of course many other problems also remain open on the 664

way to develop a full theory and, especially, in translating it 665

to new architectures. More detailed results are needed in ap- 666

proximation theory, especially for densely connected networks. 667
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Our analysis for optimization under the exponential loss is668

missing a classification of local minima and their dependence669

on overparametrization. A full theory would also require an670

analysis of the trade-off between approximation and estimation671

error, relaxing the separability assumption.672
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